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Answer all questions. Each question carries 6 marks.

NOTE: If you use any known result, please state it briefly.

1. Let X be a set and F(X,C) denote the class of all functions from X
to C. Let V be a vector subspace of F(X,C) which is complete with
respect to some inner product 〈·, ·〉. Suppose that V 3 f 7→ f(x) is
continuous for each x ∈ X. Then show that V separates points of X if
and only if d(x, y) = sup

{
|f(x) − f(y)| : f ∈ V , 〈f, f〉 ≤ 1

}
defines a

metric on X.

2. Let X be a compact set and A be a subalgebra of C(X,R). Suppose
f, g ∈ A. Prove or disprove that

min
{
f, 2020 |g|

}
+ max

{ 1

2020
|f |+ g, g

}
∈ A.

3. Let A be a bounded set of differentiable functions from (0, 1) to R1983

such that the derivative is given by

Df(x) =


x
x/2
x/3

...
x/1983

 f(1/2), for all f ∈ A.

Show that A is uniformly equicontinuous.

4. (a) State Arzelá-Ascoli theorem and Banach fixed point theorem.

(b) Let A be equicontinuous sub family of C([0, 1],R). Discuss the
possibility that Ax := {f ∈ A : f(x) = 0} to be compact, for
x ∈ [0, 1].
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5. Let A =


0 1

2
0 0

−1
2

0 0 0
0 0 1

9
0

0 0 0 1
3


4×4

and define fA : R4 → R4 by fA(X) = AX,

for all X ∈ R4. Then

(a) Show that fA is a contraction.

(b) Is Range(1 − fAfAt) and Range(1 − fAtfA) has same dimension.
Justify your answer.
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